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In this paper, a new deep-slot structure of rectangular shape for an induction motor (IM) is proposed. This is obtained by 
inserting a ferromagnetic massive piece in it. This leads to good starting characteristics of the motor when compared to the 
conventional shape, i.e., without ferromagnetic massive piece. Two structures of IM were studied: one having the proposed deep-
slots and the other presenting conventional deep-slots.  To see the influence on the start-up characteristics of the IM, the 
considered approach is divided in two parts. First, in order to take into account the slot’s shape and the skin effect, finite element 
method is used. The results are compared to those obtained using circuit analysis method. A good agreement is achieved. Aiming 
to attain global performances, a dynamic modeling of the IM using variable parameters is carried out. The obtained results are 
presented and discussed. 

1. INTRODUCTION 

Due to their simplicity of design, high reliability and 
high efficiency, relatively low cost and easy operation, the 
IM squirrel cage are largely used as electric actuators. 
They currently consume more than a half of the overall 
electrical energy produced in the world. However, these 
motors are subjected to very high constraints during start-
up, the IM develops a relatively low electromagnetic 
torque in regards to the inrush current, 4 to 8 times the 
rated current, which causes excessive voltage drops that 
affects neighboring users and risks damage the motor. In 
addition, it has significant start-up time inducing a 
machine overheating. In connection with their wide 
application, even a minor improvement in the IM 
characteristics would have a great economic impact [1–3]. 
The present paper proposes an innovative and powerful 
solution, in the field of electromechanical systems, using 
IM exhibiting improved properties at start-up along with 
optimal characteristics, when operated under controlled 
variable speed conditions. It consists of inserting a 
relatively massive ferromagnetic piece in the rotor bar.    

The study is conducted in two parts. First, one studied a 
rectangular deep-slot having ferromagnetic piece, over a 
frequency operating range, using finite element method 
(FEM) which allows taking into account the geometrical 
complexity and the non-uniform repartition of current 
density (skin effect), in order to determine its resistance 
and leakage inductance. This is achieved using the FEMM 
software package [4]. Besides, these parameters were 
computed for a conventional deep-slot, i.e., without 
ferromagnetic massive piece. After that, one can obtain the 
coefficients representing respectively the rate of 
resistances and leakage reactances which are determined 
with and without considering the skin effect. In order to 
check out the validity of our approach, the obtained results 
are compared to those providing from an analysis circuits 
method which consists on dividing the slot in several finite 
resistances and leakage reactances, connected in parallel, 
thus allowing the calculation of the currents flowing in 
each branch of this circuit [5]. Finally, a dynamic model of 
two phase equations of IM (Park transformation), is 
presented [6]. A study of starting characteristics of the 

proposed structure (torque and speed), is performed and 
compared to a conventional model (without skin effect), in 
order to see the influence of this phenomenon as well as 
the effect of the ferromagnetic massive piece on the 
dynamic characteristics of the IM. 

2. DEEP RECTANGULAR SLOT MODELING 

   This type of slot is used to improve the starting 
conditions of the IM. Due to the sinusoidal supply, the skin 
effect phenomenon occurs, limiting the magnetic field 
penetration in the rotor bars. This has a real impact on the 
rotor resistance and leakage reactance. 

3. MODELING WITH FINITE ELEMENT METHOD  

   The FEM offers the possibility to perform detailed 
calculations on regions having complex shapes and 
presenting a magnetic material nonlinearity. It is not 
surprising that the last decade has seen many proposals for 
the use of finite element analysis of the IM [7–11]. The 
alternative approach, in this case, is to compute the current 
density which varies as a function of frequency, carried out 
in a rectangular deep-bar (Fig. 1). Therefore the following 
assumptions are adopted: 

 The permeability of the conductor (aluminum) is 
equal that of vacuum, i.e., μ0 = 4π10-7 H/m. 

 The Neumann conditions 










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0
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



, are applied on 

the left and right sides of the bar, in order  to have the 
field lines perpendicular to the faces of the bars (to 
force the flux to cross the border with a 90o degree 
angle). 

  The Dirichlet conditions  0A


 are applied to the 

upper and lower sides, to force the flux to be parallel to 
the boundary. 

  The conductivity of the conductor (aluminum), is 
34.45106 S.m–1, within which an electric current of 
one ampere is imposed. 

 The laminated iron conductivity is considered nil and 
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its permeability is infinite, due to its lamination [12]. 
The bar dimensions are taken from a specification 

manual of IM 15 kW, 2p = 4. 
A 2D magneto-dynamic equation in terms of the 

potential vector A, under harmonic hypothesis, is solved 
using the FEMM software packages. This is done over a 
frequency range (0 to 50 Hz). 

3.1. SIMULATION OF A RECTANGULAR BAR 
A structure composed of a single bar instead of the full 

geometry of the IM which requires considerable time, is 
presented below. It is simulated in a frequency range in 
order to calculate the impedance of the bar (taking into 
consideration the non-uniform distribution of the current 
density). The simulation results are graphed in Fig. 1. The 
colors within the bar depict the evolution of the current 
density, whereas the contours represent the field lines for 
different frequencies. 

              
              a) 50 Hz         b) 20 Hz 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    From Fig. 1 one can notice, at start-up conditions that 
correspond to the frequency of 50 Hz, the non-uniform 
distribution of the current, assuming higher values near the 
conductor surface, leading to a high rotor resistance. At the 
steady state regime (f = 5 Hz), the current is uniformly 
distributed within the bar, thus reducing its resistance. 
 

4. MODELING USING CIRCUITS METHOD 
THEORY 

Compared to the electromagnetic field theory, this 
method also takes into account the variation of the rotor 
impedance caused by the non-uniform repartition of the 
current density in the slots which is suitable for arbitrary 
shapes [5]. The bar is divided into n filamental wires. This 
results for a simple geometric structure (near to a 
rectangle), in a stair-shaped electrical equivalent circuit 
composed by resistances and leakage reactance (Fig. 2), 
where travels a uniform current (nonexistence of skin 

effect). This means that the penetration depth of the field in 
the aluminum is lower relative to the radial dimensions of 
the sub-conductors [13]. 

 

 
Fig. 2 – Stair-shaped electrical equivalent circuit of a rectangular slot. 

The stair-shaped electrical equivalent circuit of figure 

(2), allows calculating the rotor slot impedance, in its thi  
elementary conductor. The resistance and leakage 
reactance of the slot is given by the following equations: 
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where L – leakage inductance of the sub conductor; –  

rotor angular pulsation; 



 b

h – conductibility 

dispersion coefficient of ith sub-conductor of the slot. 
The currents in the sub-conductors are obtained 

according to the following system of equations: 
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(2) 

  

 In our case the value of the current 1I is equal to 1 A. 
This way, the total current of the bar is:  







1

1

n

γb II  .    
(3) 

               
            c)  5 Hz  

Fig. 1 – Current densities and field lines in a rectangular bar at different 
f i
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The calculation of the bar  resistance beR and the 

leakage inductance beL  taking into account the skin effect, 

is done using expressions below [14]:    
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coefficient of the bar taking into account the skin effect. 

 The coefficients rk  and xk  which allow taking into 
account the resistance and the leakage inductance 
variation, are given by the equations (6) and (7):         
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respectively the resistance and leakage inductance when 

neglecting the skin effect. While 


n

k
kq  is the sum of the of 

the elementary conductors sections. 
 

5. SIMULATION AND RESULTS OF THE TWO 
METHODS 

    Simulation results obtained by the two methods 
presented above (i.e. finite element and circuit analysis 
methods), in case of a rectangular bar are shown in Figs. 3 
and 4. They give respectively the evolution of   rk and 

xk coefficients in function of the slip. 
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Fig. 3 – Evolution of 
rk in function of the slip for rectangular bar. 
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Fig. 4 – Evolution of xk in function of the slip for rectangular bar. 
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Fig. 5 – Relative error in function of the slip for the two methods. 
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with nnk  ( rk  or xk ) coefficient for numerical solution; 

nck  ( rk  or xk ) for circuit analysis solution. 

     According to Figs. 3 and 4, an exponential increase of 
the coefficient rk  is noticed, which results in an increase 

in the resistance, at s = 1 (2.41 times). Conversely, the xk  

coefficient decreases which seems as a leakage reactance 
reduction. At start-up conditions, it is reduced by a factor 
of 0.6. So the inrush current is reduced and the IM power 
factor is optimized. Figure (5) shows the maximal relative 
error, between the results obtained using FEM and circuit 
analysis method, which doesn’t exceed 0.76 %. This 
confirms the validity of the followed approach.  

6. INSERTION OF THE FERROMAGNETIC 
MASSIVE PIECE 

In this part, a more powerful slot structure is proposed. 
It consists on a rectangular slot having a relatively massive 
ferromagnetic massive piece inside.  

Note that the slot dimensions are set the same as those 
of the rectangular slot studied before. This piece will act as 
a junction and let the IM behaves as a double cage one. 
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Thus, the inrush current will decrease while the torque 
increases.  
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Fig. 6 – Rectangular slot with ferromagnetic piece. 

 

     The simulation conditions are set as shown in Fig. 6. 
The ferromagnetic massive piece presents the conductivity 
of steel 5.9106 Sm–1. It is 1.5 mm height and 4.7 mm 
width. 

6.1. RESULTS 

A simulation is carried out for the rotor bar with 
ferromagnetic massive piece, for different frequencies 
varying from 0 to 50 Hz. It consists on the resolution of the 
magneto-dynamic equation in terms of potential vector A, 
in harmonic hypothesis, using finite element method. The 
obtained results are illustrated in Fig. 7. 

         
      a) 50 Hz          b) 20 Hz 

           
         c)  5 Hz  

Fig. 7 – Current densities and field lines in a rectangular bar having a 
ferromagnetic piece at different frequencies. 

The evolution of rk  and xk  coefficients obtained with 

FEM are represented in Figs. 8 and 9. 
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Fig. 8 – Evolution of 

rk in function of the slip for rectangular bar 

with piece by FEM method. 
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Fig. 9 – Evolution of xk in function of the slip for rectangular bar 

with piece by FEM method. 

6.2. SIMULATION BY THE METHOD OF THE 
THEORY OF CIRCUITS 

In order to consider the ferromagnetic massive piece 
effect, the equation (1) is replaced by the following, while 
the other parameters remain the same as expressed above: 
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 , 

where Ab – aluminum conductor width; fb – width of the 

ferromagnetic massive piece; A – resistivity of aluminum; 

f – resistivity of steel. 

    The simulation results obtained using the theory of 
circuits method for the two coefficients exhibiting the skin 
effect, are given in the Figs. 10 and 11. 



5 Zakari Maddi et al. 389 
 

 

0 0.2 0.4 0.6 0.8 1
1

1.5

2

2.5

3

3.5

4

Slip

kr

 

Fig. 10 – Evolution of 
rk in function of the slip for rectangular 

bar with piece by  theory of circuits.  
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Fig. 11 – Evolution of xk in function of the slip for rectangular 

bar with piece by  theory of circuits. 
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Fig. 12 – Relative error in function of the slip. 

Analyzing the relative error between the FEM and 
theory of circuits obtained results for the two coefficients, 

rk  and xk  (Fig. 12), where the maximal error is about 1.8 

%, one can conclude that a good agreement is achieved. 
This validates our methodology.  

When comparing the results in case of the proposed 
configuration, i.e. a bar with a ferromagnetic piece, to the 
conventional one, one can see that the parameters are very 

affected. Indeed, at s=1, rk  grows to 3.8 while xk  

decreases to 0.45. Due to the ferromagnetic massive piece, 
dividing the slot into two parts, the section occupied by the 
current, decreases.  At start-up, the bar working portion is 
reduced as it can be seen in Fig. 7, resulting in the 
resistance increasing and thus in the rk  coefficient. In the 

other hand, as the rotor frequency at start-up, is negligible, 
this leads to low reactance value, and by the way, in xk  

coefficient. 
    Let notice that in our study, the end-bar effect and the 
magnetic saturation were neglected. 

7. DYNAMIC MODELLING OF IM 

   The dynamic modeling of IM is presented in the dq 
reference frame (Park transformation), to take into account 
the skin effect. The system of equations is given by (9) to 
(11) [6]:  
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  The stator and rotor flux are connected to the currents, as 
given by the relations below: 
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where sR – stator phase resistance; sL – stator cyclic 

inductance; M  – cyclic mutual inductance between the 

stator and the rotor; bR ' and bl ' – resistance and leakage 
inductance of the bar portion returned to the stator 

respectively, traversed by an uniform current; fR '  and 

fl ' – resistance and leakage inductance of the  frontal bar’s 

part returned to the stator respectively.         
The electromagnetic torque is given as a function of 

the rotor flux and stator currents by the following 
expression: 

 dsqsqsdse iipT  . 
   

(11) 

 

7.1. STARTING PERFORMANCE OF THE IM 

    In order to see the improvement due to the proposed 
deep-slot, on the starting performances of the IM, a whole 



390 Improvement of the starting characteristics of an induction motor 6 

 
study is performed. This is achieved by means of a 
MATLAB / Simulink, involving the rk  and xk  coefficients.  

     The obtained results are depicted in the following 
Figs.13 and 14.  
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Fig. 13 – Evolution of the electromagnetic torque versus slip. 
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Fig. 14 – Evolution of the speed versus time. 

7.2. RESULTS INTERPRETATION 

      According to the Figs.13 and 14, one can notice that 
the different start-up characteristics have been improved 
when using the proposed deep-slot. In fact, the inserted 
ferromagnetic massive piece acts as a junction and divides 
the slot into two parts, letting the IM to behave as double-
cage one. Indeed, at start-up the current tends to flow in 
the upper surface of the rotor bar, improving the resistance. 
This leads to a better starting torque resulting in a good 
dynamic. Furthermore, in this case, the motor has the 
advantage to operate at lower speeds since the unstable 
region is nonexistent (the developed torque is always 
greater than the resistive torque). 
 
      

8. CONCLUSION 
     In the present work, a new deep-slot geometry having a 
ferromagnetic massive piece is proposed. As it can be 
noticed from the obtained results, the IM has better starting 
performances, when using the proposed slot.  

    Generally, the motors presenting such properties occupy 
an intermediate position between the double-cage IM and 
solid rotor IM. 
     According to the methodology presented above, the 
influence of the ferromagnetic massive piece introduced in 
the rotor bar, is taken into account by two correction 
coefficients for the rotor impedance (depending on the 
frequency, material, shape and dimensions of the slot).  
     In addition, the used methods, i.e. the FEM and theory 
of circuits, offer the possibility to determine the actual 
dynamic performances of the IM, as they can be used in a 
wide range of geometrical structures and desired 
frequencies, with high accuracy.  
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APPENDIX 
Specifications of analyzed motor 

Phase, Pole, 3Ph, 4Pole, Output  
power 

15 kW 

Primary voltage 220 V, 50 Hz, Nominal 
currant 

29.2 A 

Stator and rotor 
diameter 

272 mm, 184 
mm 

Stator/Rotor 
number slots 

48, 36 slots 

Core length and 247 mm, Rated speed 1455 rpm 

Height / Width of 
rotor bar 

29.5mm, 5.7mm Air gap 1mm 

sR  0.302   sX  1.754   

mR  3.622   mX  39.21   

'
rR  0.298   '

rX  1.443   
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